Abstract. We define the Bernoulli polynomials with a q parameter in terms of r-Whitney numbers of the second kind. Some algebraic properties and combinatorial identities of these polynomials are given. Also, we obtain several relations between the Cauchy and Bernoulli polynomials with a q parameter in terms of r-Whitney numbers of both kinds.
Introduction
The Bernoulli polynomials B n (z), are defined by the generating function [4] (1.1) 
where S(n, k) are the Stirling numbers of the second kind [4] . For all integers n, r ≥ 0, B n (r) can be written explicitly in terms of r-Stirling numbers of the second kind S r (n, k) [7] (1.3)
B n (r) = n k=0 (−1) k k! k + 1 S r (n + r, k + r).
Cenkci et al. [2] introduced the poly-Bernoulli polynomials with a q parameter B (k) n,q (z) as a generalization of the poly-Bernoulli polynomials B (k) n (z). Let q be a real number with q = 0, [2] defined the poly-Bernoulli polynomials with a q parameter by
n,q are the poly-Bernoulli numbers with a q parameter.
n (z) are the poly-Bernoulli polynomials [5] . If q = 1,
n are the poly-Bernoulli numbers, defined in [8] .
Setting k = 1 in (1.4), and let B q n (z) = B (1) n,q (z) denote the Bernoulli polynomials with q parameter, we obtain
n are the Bernoulli numbers with q parameter. Note that e zt is replaced by e −zt (see [2, 1, 5] ). In this paper, we are interested in Bernoulli polynomials with a q parameter. New representation for these polynomials in terms of r-Whitney numbers of the second kind and many properties will be given.
For non-negative integers n and k with 0 ≤ k ≤ n, let w(n, k) = w q,r (n, k) and W (n, k) = W q,r (n, k) denote the r-Whitney numbers of the first and second kind, respectively, defined in [10] by
The exponential generating function of W (n, k) is given by [10] (1.8)
The parameters r ≥ 0 and q > 0 are usually taken to be integers, but both may also be considered as indeterminates [11] . Komatsu [9] defined the Cauchy polynomials with a q parameter of the first and second kind, denoted by c
Recently, Shiha [12] gave explicit formulae for c q n (r) andĉ q n (r) in terms of r-Whitney numbers of the first kind
The relations between c q n (r),ĉ q n (r) and W (n, k) are (see [12] )
The basic results Theorem 1. We define the Bernoulli polynomials with a q parameter in terms of W (n, k) by
Proof. Using (1.8), we get
Comparing the coefficients of both sides, we get (2.1) (notice that e rt is replaced by e −rt in [2] ).
On the other hand,
2)
The first few polynomials are B 
n (r) = B n (r) and W 1,r (n, k) are reduced to S r (n + r, k + r) then, we get the explicit formula (1.3), and
If q = 1 and r = 0, then B 1 n (0) = B n and W 1,0 (n, k) are reduced to S(n, k) then, we get the explicit formula (1.2).
It is known that the r-Whitney numbers satisfy the following orthogonality relation [10] :
where δ kn is the Kronecker delta. Proof.
The numbers W (n, k) are determined by (see [10] ).
then, we obtain Theorem 2. For n ≥ 0 , we have
Proof. We shall prove the first and the third identities. Other identities are proven similarly. By (2.7), and using (1.11), we have
By (1.13), and using (2.1), we obtain
It is known that (see [3] ) (2.14)
Therefore, we get the following properties, which are similar to those for classical Bernoulli polynomials and numbers. Setting s = 0 in (2.15), we get the second relation (2.16) Remark 2. Setting q = 1 in (2.15) and (2.16), we obtain the following properties of B n (r) [13] (2.17) B n (r + s) = n j=0 n j r n−j B j (s), and B n (r) = n j=0 n j r n−j B j .
